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Abstract. This article reviews the framework of set-valued dynamics, focusing on
transitivity, mixing, and hypercyclicity, and their applications in medicine. By gen-
eralizing these concepts to various mathematical spaces, the study provides insight
into cellular behaviors in cancer dynamics. It identifies key points for therapeutic
interventions and explores the impact of minor initial condition changes on tumor
progression. The work bridges advanced mathematics and medicine, offering new
perspectives for understanding and controlling cancer through dynamic systems and
personalized approaches.
Keywords: Set-Valued Dynamics, Hypertransitive Maps, Topological Transitivity,
Mixing Properties, Cancer Modeling, Cellular Proliferation, Multiwavelet Analysis,
Non-Metric Spaces, Banach Spaces, Medical Applications, Numerical Simulations.

1. Introduction
Chaos theory has revolutionized our understanding of dynamical systems by re-
vealing how seemingly random behaviors can emerge from simple deterministic
systems. This theory has found applications across various disciplines, from physics
and meteorology to economics and biology, providing fundamental tools for ana-
lyzing and predicting complex behaviors in natural and artificial systems.
Within this theoretical framework, the dynamics of set-valued maps have
emerged as a powerful approach for modeling systems where the state can be rep-
resented by sets rather than individual points. This approach is particularly useful
in situations where inherent uncertainty and variability play a crucial role, allow-
ing for a more robust and flexible representation of the system's evolution. The
properties of transitivity and mixing in these maps provide deeper insights into
how systems can evolve towards chaotic behaviors, facilitating the identification of
underlying patterns and structures in complex dynamics.

1



ISSN:0265-086X Vol. 42 (n. 10, 2024) 

106

The application of these advanced mathematical concepts to the field of medicine,
particularly in the study of cellular proliferation and cancer, offers new perspec-
tives for understanding and addressing one of the most significant challenges in
human health. Cancer is a dynamic and multifactorial process, characterized by
complex interactions between cells, molecular signals, and the microenvironment.
Modeling the evolution of cancerous tumors requires tools capable of capturing
this complexity and providing useful predictions for the development of effective
therapeutic strategies.
In this context, set-valued maps allow for modeling cellular proliferation while con-
sidering the variability and uncertainty inherent in biological processes, whereas
the properties of transitivity and mixing offer insights into how small variations
in initial conditions or parameters can lead to different evolutionary trajectories of
the tumor. This approach facilitates the identification of critical points in tumor
dynamics where therapeutic interventions can be particularly effective, thereby op-
timizing treatment strategies and improving clinical outcomes.
The present article aims to extend existing theoretical results in the dynamics of
set-valued maps and explore their application in modeling cellular proliferation
and cancer. It will address new characterizations of transitivity and mixing in gen-
eral metric spaces and infinite-dimensional Banach spaces, providing proofs and
theorems that expand the current understanding of these concepts. Additionally,
numerical simulations and visualizations will be included to illustrate how these
models can replicate the evolution of tumors under various conditions, offering
practical tools for analysis and prediction in medical contexts.
This work seeks to bridge the gap between advanced mathematical theory and
practical medical applications, demonstrating how the abstract concepts of chaos
theory can have a tangible impact on understanding and treating complex diseases
such as cancer. By integrating innovative mathematical approaches with critical
medical challenges, new avenues for interdisciplinary research and the development
of more effective and personalized healthcare solutions are opened.

2. Background
In this section, we recall the key definitions and establish the notation we will
use throughout the article, particularly focusing on their application in modeling
cellular proliferation in cancerous tumors. We work in the framework of discrete
dynamical systems over metric spaces (𝑋, 𝑑) induced by a continuos function 𝑓 :
𝑋 ⟶𝑋 which we will say that 𝑓 is a dynamic over 𝑋.

Definition 2.1. (Set-valued maps) Let 𝑋 be a metric space with the distance 𝑑. A
set-valued map in 𝑋 is a function 𝑔 : 2𝑋 ⟶2𝑋 which assigns to each set 𝐾 ∈ 2𝑋
a subset 𝐹(𝐾) of 𝑋. Given a dynamic 𝑓 : 𝑋 ⟶𝑋, the induced map by 𝑓 is the
function 𝑓 : 2𝑋 ⟶2𝑋 which takes the direct image of any subset 𝐾 ∈ 2𝑋. That is,

𝑓(𝐾) = {𝑓(𝑥) : 𝑥 ∈ 𝐾}

In general, we will work with the space of all non-empty compact subsets of 𝑋,
denoted by 𝒦(𝑋) ⊂ 2𝑋. This set is equipped with a natural metric called the
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Hausdorff distance which induces the Vietoris Topology. The distance is given in
two steps extending the distance of 𝑋:

𝑑(𝑥,𝐾) ≔ sup
𝑦∈𝐾

{𝑑(𝑥, 𝑦)}

𝑑(𝐾1,𝐾2) ≔ max{ sup
𝑥∈𝐾1

𝑑(𝑥,𝐾2), sup
𝑦∈𝐾2

𝑑(𝑦,𝐾1)}

In the context of cancer modeling, 𝑋 could represent a space of cellular states
or positions within a tumor, 𝐾 the current position of the tumor and 𝑓(𝐾) the
possible future states that the cell can occupy.
For now, take 𝑌  to be a metric space.

Definition 2.2. (Topological transitivity) A dynamical system 𝑓 : 𝑌 ⟶ 𝑌  is topo-
logically transitive if, for any pair of non-empty open sets 𝑈, 𝑉 ⊆ 𝑌 , there exists
some integer 𝑛 such that 𝑓𝑛(𝑈) ∩ 𝑉 ≠ ⌀.

This property is critical in understanding how cellular states within a tumor can
evolve over time, leading to widespread proliferation or metastasis.

Definition 2.3. (Weakly mixing) A dynamical system 𝑓 : 𝑌 ⟶ 𝑌  is weakly mixing
if, for any pair of non-empty open sets 𝑈1, 𝑈2, 𝑉1, 𝑉2 ⊆ 𝑌 , there exists some non-
negative integer 𝑛 such that:

𝑓𝑛(𝑈1) ∩ 𝑉1 ≠ ⌀
𝑓𝑛(𝑈2) ∩ 𝑉2 ≠ ⌀

Definition 2.4. (Mixing) A continuous map 𝑓 : 𝑌 ⟶ 𝑌  is mixing if for any pair
of non-empty open sets 𝑈, 𝑉 ⊆ 𝑌  there exists a non-negative integer 𝑁 such that 
𝑓𝑛(𝑈) ∩ 𝑉 ≠ ⌀ for all 𝑛 ≥ 𝑁 .

In the medical context, mixing can describe how diverse cellular populations inter-
act and spread though out the tumor mass, leading to a more uniform distribution
of cancerous cells.

Theorem 2.5. (Peris) The induced set-valued map 𝑓 : 𝒦(𝑋)⟶𝒦(𝑋) is topolog-
ically transitive if and only if 𝑓 : 𝑋 ⟶𝑋 is weakly mixing.

In the context of medicine, modeling complex biological processes such as cellular
proliferation and cancer evolution often requires special types of metric spaces such
as Fréchet spaces.

Definition 2.6. (Fréchet Space) A topological vector space 𝑋 is called a Fréchet
Space if 𝑋 is locally convex and completely metrizable, that is, every point has a
local basis of balanced convex neighborhoods and its topology can be induced by a
metric such that every Cauchy Sequence has a limit in 𝑋.

Examples of such spaces are the 𝐿𝑝 spaces.

Definition 2.7. (Hypercyclic operator) A dynamic 𝑇 : 𝑋 ⟶𝑋 is said to by hy-
percyclic if there exists a vector 𝑥 ∈ 𝑋 such that the orbit of 𝑥 is dense, that is,

cl({𝑥, 𝑇𝑥, 𝑇 2𝑥,…}) = 𝑋
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Theorem 2.8. (Hypercyclic criterion) Let 𝑋 be a separable Fréchet space and 𝑇 :
𝑋 ⟶𝑋 be a dynamic over 𝑋. The induced map 𝑇  is topologically transitive if
and only if there exists dense subsets 𝐷 and 𝐷′ of 𝑋 and an increasing sequence
of non-negative integers (𝑛𝑘)𝑘 and a collection of maps 𝑆𝑘 : 𝐷′ ⟶𝑋 such that

1. lim𝑘⟶∞ 𝑇𝑛𝑘𝑥 = 0 for all 𝑥 ∈ 𝐷

2. lim𝑘⟶∞ 𝑆𝑘𝑦 = 0 for all 𝑦 ∈ 𝐷′

3. lim𝑘⟶∞(𝑇𝑛𝑘⚬𝑆𝑘)𝑦 = 𝑦 for all 𝑦 ∈ 𝐷′.

Also, 𝑇  is hypercyclic if the previous statements hold.

In medical applications, this could represent a scenario where a specific population
of cells within a tumor exhibits a dense orbit, meaning that its influence or effect is
felt throughout the entire tumor space. Such a property is crucial in understanding
how certain mutations or cellular behaviors can dominate the overall progression
of the disease.
In the context of cancer research, this suggests that if a cellular behavior or genetic
mutation has a hypercyclic characteristic, it will eventually influence all aspects
of the tumor’s growth, potentially leading to widespread metastasis or significant
changes in the tumor's characteristics. Understanding this relationship allows re-
searchers to identify critical intervention points where therapeutic strategies could
be most effective.

3. Main text
Biological systems, particularly those related to the tumor microenvironment, ex-
hibit nonlinear and non-homogeneous interactions that may be better represented
in Fréchet Spaces. This section explores how the properties of transitivity and mix-
ing in these spaces can provide new insights into understanding and controlling
cancer dynamics.
Spaces of Continuous Functions. We consider the space of continuous func-
tions 𝐶(𝑋) with the topology of uniform convergence. We explore how the results
of transitivity apply to set-valued maps in this context. In medicine, this can be
used to model the temporal evolution of gene expression profiles in tumor cells,
where the mixing of functions might represent the convergence of different cellular
pathways toward a disease state.
Sequence Spaces. We analyze spaces of finite and infinite sequences using metrics
induced by 𝐿𝑝 norms and demonstrate how the results of mixing and transitivity
adapt to these spaces. This is relevant for modeling the spread of genetic muta-
tions in cellular populations, where the chosen norm can represent genetic variation
within a tumor.
Multiwavelet Analysis in Non-Metric Spaces. The application of multi-
wavelet analysis in non-metric spaces can provide a more detailed and localized
understanding of cellular behaviors in cancer dynamics. Multiwavelets, by enabling
the decomposition of signals and functions into components of different resolutions
and locations, offer a powerful tool for modeling the complexity and variability of
the tumor microenvironment.
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Specifically, extending the use of multiwavelets to these spaces can help better
capture the nonlinear and non-homogeneous interactions that characterize the evo-
lution of cancer cells. We hypothesize that this approach not only allows the iden-
tification of emerging patterns within cellular populations but also offers improved
strategies for detecting and specifically targeting the most aggressive and resistant
subpopulations of cancer cells.
This level of granular analysis is crucial for understanding how variations in initial
conditions or cellular responses can lead to divergent evolutionary trajectories of
the tumor and how specific interventions can be designed to exploit these critical
points in cellular dynamics.
Fractal Dynamics in Tumor Models. The properties of exact mixing are ap-
plied to study the dynamic behavior of chaotic attractors and Julia sets in the
context of the fractal structure of tumors. Mixing in these contexts can provide a
more accurate representation of how cancer cells distribute homogeneously within
a tumor and how small perturbations in initial conditions can lead to different
evolutionary trajectories of the cancer.
Control Systems in Cancer Therapies. Robust control systems can be de-
signed using mixing and transitivity properties to optimize cancer therapies. For
instance, identifying key moments in tumor dynamics where therapeutic interven-
tion can be most effective is crucial for improving clinical outcomes. Transitivity
in non-metric spaces allows us to anticipate how small interventions can have sig-
nificant effects on cancer progression.
Compression and Expansion Operators. Compression and expansion opera-
tors in Banach spaces, when viewed through the lens of hypercyclicity, can be used
to model the compression (localization) and expansion (spread) of cellular popu-
lations within a tumor. For instance, an operator that compresses cellular states
might represent the concentration of aggressive cancer cells in a particular region,
while an expansion operator could model the spread of these cells throughout the
tumor or even beyond into other tissues.
Applications of Functional Analysis in Cancer Progression: The properties
of hypercyclic operators and their associated set-valued mappings can be used to
analyze complex dynamic systems within function spaces, providing a theoretical
framework for understanding how small changes in cellular behavior or external in-
terventions (such as treatments) can have large-scale effects on tumor progression.
This approach offers new perspectives on how to predict and potentially control the
evolution of cancerous growths by identifying hypercyclic vectors (cell behaviors or
genetic mutations) that drive the disease.
Modeling Tumor Growth. Consider a Banach space that represents the states
of cellular populations within a tumor. A hypercyclic operator might represent a
treatment strategy or mutation that causes the entire space to change over time,
reflecting the tumor's evolution. By studying the transitivity of set-valued maps
in this context, researchers can better understand how certain interventions can
influence the entire tumor, offering a strategic advantage in therapy design.
Designing Effective Therapies. By leveraging the properties of hypercyclicity
and transitivity, medical researchers can design more effective therapies that target
the most influential aspects of tumor growth. For example, if a particular cellular
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pathway is found to be hypercyclic, treatments could be developed to disrupt this
pathway, thereby preventing the tumor from fully realizing its potential for growth
or metastasis.
Numerical Simulations and Visualizations. The integration of numerical sim-
ulations provide a practical dimension to the theoretical findings, making abstract
mathematical concepts more accessible and applicable to real-world medical chal-
lenges. These tools help bridge the gap between advanced mathematics and clinical
practice, offering a tangible way to predict and analyze tumor behavior.
For example, figure Figure 1 illustrates how small variations of the initial conditions
can lead to different trajectories of tumor evolution, highlighting the importance of
critical point for therapeutic intervention. Also in figure Figure 2, The nodes rep-
resent the cellular states, while the arrows indicate the possible transitions between
these states. The nodes highlighted in red are critical points where therapeutic in-
terventions could be most effective. This approach allows to identify critical paths
and key moments in tumor dynamics that can be strategic targets to optimize
medical interventions.

Figure 1: Visualization of the dynamics of tumors using a map of attractor points.
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Figure 2:  Transition between cellular states in tumor evolution.

4. Conclusions
This article has introduced and explored advanced mathematical concepts within
the context of set-valued dynamics, with a particular focus on their applications
in medicine, specifically in the modeling and analysis of cancer progression. By
extending existing theories and introducing new classes of set-valued maps, such
as hypertransitive set-valued maps, we have provided a robust framework for un-
derstanding complex biological systems where traditional mathematical tools may
fall short.
We have expanded the characterization of transitivity and mixing, showing how
these properties can be leveraged to better understand the chaotic behaviors ob-
served in cancer dynamics. This theoretical extension allows for more accurate
modeling of cellular proliferation and tumor growth, providing insights into the
inherent unpredictability of cancer evolution.

5. Implications and Future Research
The findings in this paper have significant implications for both mathematics and
medicine. In medicine, these concepts provide a novel framework for understanding
complex diseases like cancer, where traditional approaches may not capture the
full extent of the system's dynamics.
Future research could explore the application of these concepts to other areas of
medicine, such as immunology, epidemiology, or personalized medicine, where un-
derstanding complex, dynamic interactions is crucial. Additionally, further explo-
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ration of the computational aspects of set-valued dynamics, including the develop-
ment of more sophisticated simulations and models, could enhance the practical
applicability of these theories.
In conclusion, this work represents a significant step towards integrating advanced
mathematical theory with practical medical applications, showing the potential
of interdisciplinary research to drive innovation in both fields. By continuing to
explore and develop these concepts, we can hope to achieve more effective, data-
driven solutions to some of the most challenging problems in healthcare today.
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